This paper is concerned with the scattering problem of a rectangular cavity. We solve this problem by a least-squares nonpolynomial finite element method. In the method, we use Fourier-Bessel functions to capture the behaviors of the total field around corners. And the scattered field towards infinity is represented by a combination of half-space Green functions. Then we analyze the convergence and give an error estimate of the method. By coupling the least-squares nonpolynomial finite element method and the Newton method, we proposed an algorithm for the inverse scattering problem. Numerical experiments are presented to show the effectiveness of our method.
Introduction
In recent years the scattering theory in electromagnetic cavity problem is very popular in mathematical physics and plays an important role in practical applications, for example, the radar detecting. Radar cross section (RCS) is a measure of the detectability of a target by a radar system and the RCS by a cavity is usually significant in overall RCS of an object. So the accurate prediction of the RCS of a cavity, that is, the electromagnetic field scattered by a cavity, attracts many scientists' interests. The cavity scattering theory can also be used to detect cracks or holes in metallic surfaces such as the aircraft wings. These cracks or holes may be invisible to a visual inspection but detectable by electromagnetic waves, so the understanding of scattering theory of cavity can help aerodynamicist to design and check the aircraft wings. In reality the engineers often use electromagnetic waves to check the material. Then the inverse scattering problem of a cavity can serve as a mathematical model.
For the scattering problem of an open cavity embedded in an infinite ground plane, Ammari et al. in [1, 2] reformulated the problem into a bounded domain via a variational approach and gave the existence and uniqueness results in two and three dimensions. In [3] , Ammari et al.
investigated the integral equations method to solve this problem and gave the existence and uniqueness results of the solution to the corresponding integral equations. Other numerical methods used to solve the scattering problem of open cavity are time-domain finite difference methods [4] , finite element methods [5, 6] , several hybrid methods [7] [8] [9] , and so forth. Recently, in [10] Bao et al. analyzed the stability of the scattering from a large rectangular cavity and their stability estimates provided the explicit dependence on the high wave number and the depth of the cavity. Although the result in [10] is not optimal, it is essential for conducting convergence analysis of numerical methods. In [11] Li et al. also presented some stability estimates with the explicit dependency of wave number for the open cavity problem. And they proposed a Legendre spectral Galerkin method for the scattering problem of rectangular cavity. About the inverse scattering problem of cavity, we refer to [12, 13] and the references therein. In [13] the author recovered the shape of the cavity from the scattered field given in the aperture and gave the conditions needed for proving the uniqueness of this inverse problem. In [12] , Feng and Ma investigated the inverse problem of determining the shape of the open cavity from the information of the far field patterns of scattered field. The results on the uniqueness and the local stability 2 Mathematical Problems in Engineering of the inverse problem in the 2-dimensional TM (transverse magnetic) polarization were also proved in the paper. Lately, Bao et al. studied the direct and inverse problem of open cavity in TM and TE (transverse electric) polarization. In [14] they proposed a method of symmetric coupling of finite element and boundary integral equations to solve the direct problem and proved the existence and uniqueness of weak solutions. As for inverse problem, the domain derivatives of the field with respect to the shape of the cavity were derived and the uniqueness and local stability results were established.
In [15] , the authors proposed a nonpolynomial finite element method for the scattering problem of a polygonal obstacle. This scattering problem is defined in the whole R 2 except the obstacle domain. In this paper, we consider the scattering problem of a rectangular open cavity. This scattering problem is defined in the whole upper half-plane and cavity domain which embedded in the lower halfplane. Inspired by [15] , we solve this scattering problem of a rectangular cavity by the least-squares nonpolynomial finite element method. In case of the obstacle scattering problem, the scattering field towards infinity is represented by a combination of free-space Green functions, but in case of our open cavity scattering problem, the scattering field towards infinity is represented by a combination of half-space Green functions. Furthermore, in [15] the authors only gave the approximation properties of finite element space. In our paper we give the 2 error estimate using the approximation properties in [15] and dual technique in [16] . The difference between [16] and our paper is that we solve the Helmholtz equation in semi-infinite domain and the authors in [16] were concerned with the Helmholtz problem in bounded domain.
In [12, 14] the existence, uniqueness, and local stability of inverse scattering problem for open cavity are proved. Here, the local stability means when the Hausdorff distance between two cavities is not too big, this distance can be controlled by the difference of the scattered fields for these two cavities. But in the above two papers, the authors did not present a numerical method for inverse cavity problem. In our paper we propose a Newton method coupling with the least-squares finite element method to solve the inverse scattering problem of open cavity. In order to implement the Newton method we should get the domain derivative, that is, the derivative of scattered field about the domain parameters. Paper [17] gave the general theory of domain derivative for boundary value problem. References [18, 19] presented the differential equation which the domain derivative satisfies in inverse obstacle problem. With the help of these results we give the domain derivative of the inverse scattering problem for rectangular cavity and use it in the numerical algorithm.
In this paper, we consider the scattering problem of an open cavity with a rectangular cross section and assume that the cross section of the rectangular cavity is under = 0. Let be a rectangular domain given by := ( , + ) × (−ℎ, 0), where < 0, > | |, and ℎ > 0. Denote the upper halfplane by R the left tip of the opening aperture, is the width of the cavity, and ℎ is the depth of the cavity. It is assumed that the medium for R 2 + ∪ is homogeneous, and the cavity is on a perfect conducting ground. In the TM polarization, we assume that = − is the incident field, where = sin , = cos , ∈ (− /2, /2) is the angle of incidence with respect to -axis, and is the wave number. The total field consists of three parts:
and is the scattering field. Then the scattering problem reads as follows: given incident plane wave , seek a solution such that
The third equation in (2) is the Sommerfeld radiation condition which guarantees that the scattering wave is outgoing, where = |x|. The analysis of this problem can be found in [1] , where the existence and the uniqueness of the solution were proved. In this paper, we solve the above problem by a leastsquares nonpolynomial finite element method. We use Fourier-Bessel functions and half-space Green functions to construct the bases of our method. These bases capture the behaviors of the total field around the corner and the behaviors of the scattering field towards infinity very well. So our numerical method is very efficient and highly accurate.
The outline of the paper is as follows. In Section 2, the least-squares nonpolynomial finite element method for the direct scattering problem of rectangular open cavity is stated. In Section 3, we show the convergence and 2 error estimate for the method. In Section 4, we propose an algorithm for the inverse scattering problem of rectangular open cavity by coupling the least-squares nonpolynomial finite element method and Newton method. Finally, several numerical examples are included to show the effectiveness of our method.
Formulation of the Method
Let > max{| |, | + |}, x = ( , ) ∈ R 2 , Γ = {|x| = , ≥ 0}, Γ = {x ∈ Σ, | | < }, and = {|x| < , > 0} ∪ . As is done in [15] , in each , = 1, . . . , 4, the total field can be approximated by
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where
is the local polar coordinate (see Figure 2) , and is the Bessel function of order . Denote the half-space Green function of Helmholtz equation by (x, y); that is,
where x, y ∈ R 2 + , and y is the reflection of y in -axis (i.e., if y = ( 1 , 2 ), and then
, and = / 5 , = 1, 2, . . . , 5 − 1, 5 ∈ N. In 5 , the scattering field can be approximated by a linear combination of the half-space Green functions, so the total field can be approximated by
then our trial space can be defined as follows:
We denote the boundary of by Γ , = 1, 2, 3, 4, and Γ 5 = Γ . Let Γ , = Γ ∩ Γ , , = 1, 2, . . . , 5, and (x), x ∈ Γ , , be a unit normal of Γ , . If < , then ( ) points from to ; if > , then ( ) points from to . Before we explain the least-squares finite element formulation as proposed by Stojek in [20] , Monk and Wang in [16] , and Barnett and Betcke in [15] , we need to define the jump of V ∈ on Γ , . For a function V ∈ , the jump of V on Γ , is defined as follows:
The jump of normal derivative is defined in the same way and denoted by [ V] . In order to enforce the continuity on all interfaces Γ , ( < ), we define the following functional:
The least-squares finite element approximation is now defined as the solution of the following least-squares problem:
Error Estimate
In this section we give an 2 error estimate for our leastsquares finite element method. First, we restrict problem (2) from infinite domain to a bounded domain. Next, using the technique presented in [16] , we provide a basic error estimate for the method. Then, we apply the basic error estimate together with approximation properties of the basis functions to prove the desired error estimate. In this section and the following sections, denotes a generic constant, which may have different values at different places.
Let 2 > and̂5 = {x ∈ R 2 + , < |x| < 2 }. We start by introducing an equivalent formulation of (2) in the bounded domain
, the scattering field can be written under the polar coordinates as follows:
where (1) is the Hankel function of the first kind of order , and
Since is analytic in 5 , from the decay of Fourier coefficient for analytic function, it holds that there exists a > 0 such that
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By simple calculation, we can get the following relation of :
where is the Dirichlet to Neumann operator defined as follows: for any function ∈ 1/2 (Γ ) which has the
Denote
Using the Dirichlet to Neumann operator , problem (2) can be restricted to domain 2 ; that is, given incident plane wave , find a solution such that
Theorem 1. Assuming that is the solution of the leastsquares problem (10), then there exists a constant such that
Proof. Let V satisfy the dual problem
where is an arbitrary function in 2 (
2 ) and * is the adjoint operator of . Using Green's formula and the fact that in each ( = 1, . . . , 4) or̂5, is a solution of the Helmholtz equation, we can write
Here ⟨⋅, ⋅⟩ is the 2 ( ) inner product (or duality pairing as appropriate) and ] ( = 1, . . . , 4) or ] 5 is the unit outward normal to , ( = 1, . . . , 4) or̂5.
Since
using the boundary conditions for and V, substituting the above two identities in (19) , and rewriting these sums as sums over edges we obtain
Since the exact solution and its normal derivatives are continuous across Γ , , we have
Hence, using the Cauchy-Schwarz inequality we obtain
Hence, we obtain the bound
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Using the trace theorem and the regularity result of V, we have
where is small enough. Using this estimate in (24), we obtain the desired estimate.
Remark 2. Theorem 1 shows that the functional ( ) controls the interior error. Next, we give an estimate of ( ) to show the convergence of our method.
The following lemma is from [15] . A similar lemma can also be found in [21] . We refer to [21] (Section 5) for the proof.
Lemma 3.
In each , = 1, . . . , 4, there exists > 1 such that for every 1 < < it holds that
as → ∞. Furthermore, there exist functionsṼ ∈ such that ‖ −Ṽ ‖ ∞ ( ) = ( − ) and
for every 1 < < , as → ∞.
Using the above lemma, we have the following proposition immediately.
Proposition 4.
In each , = 1, . . . , 4, there exists > 1 such that for every 1 < < , there exist functionsṼ ∈ such that
for every 1 < < , as → ∞. 
Lemma 5 gives the approximation property of the linear combination of half-space Green functions. We omit the proof of this Lemma here, because it is similar to the proof of Theorem 5.4 in [15] , which states the approximation property of the linear combination of free-space Green functions.
Assume that there exist ∈ N, = 1, 2, . . . , 5 ∈ N, and ∈ N such that , = 1, 2, . . . , 5, satisfy the following condition:
Combining Theorem 1, Proposition 4, and Lemma 5, we immediately obtain the following theorem. 
Applied to the Inverse Problem
In this section, we consider the numerical method for solving the inverse scattering problem of rectangular cavity. Uniqueness and local stability results for this problem can be found in [14] . Since the shape of the rectangular cavity can be uniquely determined by three parameters , , and ℎ (see Figure 1) , the inverse problem we considered reduces to reconstructing , , and ℎ from the near field data on Γ . Let be a nonlinear operator from R 3 to (Γ ) ( ≥ 1/2):
where is the solution to corresponding scattering problem of cavity which is decided by , , and ℎ. Using operator , the inverse problem can be presented as finding a solution ( , , ℎ) which satisfies the operator equation (34) 
Remark 7. The structures of (35), (36), and (37) are similar to the structure of (2), so we can use least-squares finite element method to solve (35), (36), and (37) which can be viewed as some particular direct scattering problems.
Remark 8.
For the deduction of (35), (36), and (37), we refer to [13, [17] [18] [19] . The idea is that first we give a perturbation of the original geometry of the cavity (small variation of , , or ℎ) and get a new scattering problem of the new cavity. Then we build the map between the original geometry and the new geometry. Using this map we transform the new cavity domain to the original one and then we can get the variational formulation of the two problems in the same domain. At last, we obtain the difference between the original and new scattered fields and then get the domain derivatives by taking the variations of the geometry parameters tending to 0. Since the least-squares nonpolynomial finite element method is very efficient, we solve ( / )( , , ℎ), ( / )( , , ℎ), and ( / ℎ)( , , ℎ) by this method. Because the above boundary condition contains the solution to the direct problem, we assume is the numerical solution of by least-squares finite element method, and then we substitute with in the boundary condition. When solving (35), we use the same domain decompositions as solving . In subdomain 5 , we choose the approximation spacẽ5 as follows:
In each subdomain of 1 , 2 , 3 , and 4 , we choose space
The functions in satisfy Helmholtz equation and boundary condition on Σ\Γ strictly. They also approximately satisfy the boundary condition on Γ . Define nonpolynomial finite element space as follows:
Then the approximation of to by least-squares finite element method can be defined as the solution to the following least-squares problem:
We recall (9) for the definition of (V). The technique used for solving (36) and (37) is similar to the above. So we omit the details here.
From the above analysis, the steps of Newton method for solving (34) are as follows.
Step 1. Let = 0 and ( , , ℎ ) be an initial value of ( , , ℎ).
Step 2. Use least-squares nonpolynomial finite element method to solve the scattering problem defined by ( , , ℎ ) to get the numerical solutions , and , | Γ .
Step 3. Compute ( / )( , , ℎ ), ( / )( , , ℎ ), and ( / ℎ)( , , ℎ ) by least-squares nonpolynomial finite element method.
Step 4. Use , from Step 2 to solve ( , , ℎ ) to minimize
Step 5. Set ( +1 , +1 , ℎ +1 ) = ( , , ℎ ) + ( , , ℎ ).
Step 6. Let = + 1, and repeat Step 2 to
Step 5 until some stopping rule is satisfied.
Numerical Examples
In this section we demonstrate the numerical results of our method on the direct and inverse scattering problems for We choose = , = 1, 2, . . . , 5. In the left plot of Figure 3 , we show the convergence results for the matching error functional ( ). We plot the curve of log ( ) 1/2 versus and the estimate convergence rate log − , with ≈ 1.3457. In the right plot of Figure 3 , we show the real part of the approximate total field with = 50, and the corresponding ( ) 1/2 = 6.4159 × 10 −12 . We can see that the convergence rate of our algorithm is fast and the precision is high. Next we set wave number = 100 to show that our method can deal well with scattering problem with large wave number. The angle of incidence is set to be = − /4. Numerical result is shown in Figure 4 with = 300, and the corresponding ( )
The convergence results of the 2 error are not shown here, since it is difficult to get the analytical expression of the total field .
In Sections 2 and 3, the artificial boundary Γ is chosen to be a semicircle; see Example 1. Next, in Example 2, we choose the artificial boundary to be a semiellipse. If the cavity is wide, using a semicircle as artificial boundary will lead to a large computational domain, while a properly chosen ellipse artificial boundary will lead to a small computational domain. Though the theoretical analysis of using a semiellipse as artificial boundary is not given in this paper, we will give a numerical example to show that elliptic artificial boundary works well. The theoretical analysis for elliptic artificial boundary will be our future consideration. In the left plot of Figure 5 , we show the domain decomposition for the wide cavity. In the right plot of Figure 3 , we show the real part of the approximate total field with = 50 and the corresponding ( ) 1/2 = 1.0552 × 10 −6 .
Example 3.
In this example, we will show the numerical results of our method for the inverse problem. Assume the open cavity = (−1, 1) × (−2, 0); that is, = −1, = 2, and ℎ = 2. The total field is measured on the curve Γ = {x ∈ R 2 + ; |x| = 2}. Then we use the measured field to reconstruct the three parameters , , and ℎ. We choose wave numbers = 1.5 and = 10 and angle of incidence = 0. The reconstructed results are shown in Tables 1∼4, where is the  iterative step. Tables 1 and 3 show the results of noise-free cases. Then we add 5% random relative noise to the scattering fields, and the corresponding results are shown in Tables 2  and 4 . Here, the relative noise is defined as ‖ − ‖ 2 /‖ ‖ 2 , where is the random perturbation of . We can see that our algorithm works well in all cases. Tables 7 and 8 .
From the results of Examples 3 and 4, we can see that with the increment of wave number the reconstructed results become more sensitive to initial values. This is due to the local convergence of Newton method.
Conclusions
In this paper we use the least-squares nonpolynomial finite element method to solve the direct scattering problem for rectangular open cavity and give an 2 error estimate for the method. Due to the exponential convergence, our method is efficient and highly accurate. So it is very competitive for intermediate or high frequency problems. This is also presented by our numerical examples. Furthermore, the use of fractional Fourier-Bessel basis functions deals well with the singularities of the solution. We also give an algorithm for solving the inverse scattering problem for rectangular cavity by coupling the least-squares nonpolynomial finite element method and the Newton method. And numerical examples verify that our method works well with the inverse problem.
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